arXiv: 1505.06064vl [math.FA] 22 May 2015 


A zero— law for cosine families 


Jean Esterle 


Abstract : Let a e IR, and let fc(fl) be the largest constant suchthat snp|cos{nfl)- 
cos{nb)\ < k{a) for b eU implies that b e ±a + 2nZ. We show that if a cosine 
sequence (C(n))„ez with values in a Banach algebra A satisfies supn>i\\C[n) - 


cos{na).lA\\ < k{a), then C{n) = cos{na) for neZ. Since < k{a) < for 
every a e R, this shows that if some cosine family (C{g))geG over an abelian 
group G in a Banach algebra satisfies supg^cWCig) - c(g)|| < for some sca¬ 
lar cosine family {c(g))g£G, then C(g) = c(g) for g e G, and the constant is 
optimal. We also describe the set of all real numbers a e [0, n] satisfying k[a) < |. 
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1 Introduction 

Let G be an abelian group. Recall that a G-cosine family of elements of a 
unital normed algebra A with unit element 1^ is a family (C(g))geG of elements 
of A satisfying the so-called d’Alembert equation 

Co = lA,C(g + fi) + C(g-fi) = 2C(g)G(fi) lgeG,heG). (1) 

A R-cosine family is called a cosine function, and a Z-cosine family is called 
a cosine sequence. 

A cosine family C = (C(g))geG is said to be bounded if there exists M> 0 such 
that II C(g) II < M for every g e G. In this case we set 

IIGIloo = supg^G\\Cig]\\,distiCi,C2) = IIGi-Calloo- 

A cosine family is said to be scalar if C(g) £ C.l^ for every g £ G. It is easy to see 
and well-known that a bounded scalar cosine sequence satisfies C[n) = cos[an) 
for some a £ R. 
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Strongly continuous operator valued cosine functions are a classical tool in 
the study of differential equations, see for example (2) , |3l , [15] , [THl , and a func¬ 
tional calculus approach to these objects was developped recently in fTTI . 

Bobrowski and Chojnacki proved in (4) that if a strongly continuous opera¬ 
tor valued cosine function on a Banach space ier satisfies supt>o\\C{t) - 
c(r)|| < 1/2 for some scalar bounded continuous cosine function c(t) then C(f) = 
c(f) pour t e K, and Zwart and F. Schwenninger showed in UHl that this result 
remains valid under the condition supt>o\\Cit) - c(f)|| < 1. The proofs were ba¬ 
sed on rather involved arguments from operator theory and semigroup theory. 
Very recently, Bobrowski, Chojnacki and Gregosiewicz (5] showed more preci¬ 
sely that if a cosine function C = C(f) satisfies supfeR||C(f)-c(f)|| < forsome 
scalar bounded continuous cosine function cit), then C(t) = c(t) for f e K, wi¬ 
thout any continuity assumption on C, and the same result was obtained inde¬ 
pendently by the author in (Tol . The constant ^ is obviously optimal, since 
supfeRlcos(flt) - cos[3at)\ = for every a e IR \ {0}. 

The author also proved in (TO) that if a cosine sequence (C(f))teR satisfies 
supfeRllC(r) - cosiat)lA\\ = m < 2 for some a ^ 0, then the closed algebra ge¬ 
nerated by (C(f))feR is isomorphic to for some k > I, and that there exists 
a finite family pi,...,pk of pairwise orthogonal idempotents of A and a family 
ofdistinct elements ofthe finite set A (a, m):={b>0 : supteulcosibt)- 
cos{at)\ < m} such that we have 


k 

C[t) = cosibjt]pj ij e R). 

/=! 

Also Chojnacki developped in (7| an elementary argument to show that if 
(C(n)) nez is a cosine sequence in a unital normed algebra A satisfying supn>i II C(n)- 
c(n)|| < 1 forsome scalar cosine sequence {c[n))nEZ thenc(n) = C[n) for every n, 
which obviously implies the result of Zwart and F. Schwenninger. His approach is 
based on an elaborated adaptation of a very short elementary argument used by 
Wallen in 1201 to prove an improvement of the classical Cox-Nakamura-Yoshida- 
Hirschfeld-Wallen theorem (8) , [13] , [16] which shows that if an element a of a 
unital normed algebra A satisfies supn>i\\a^ - 1|| < 1, then a = \. 

Applying this result to the cosine sequences C[ng) and c{ng) for g e G, Cho- 
najcki observed in [7] that if a cosine family C(g) satisfies supg^cWCig) - c(g) || < 

1 for some scalar cosine family c(g) then C(g) = c(g) for every g e G. 

In the same direction Schwenninger and Zwart showed in [T7] that if a cosine 
sequence (G(n))„ez in a Banach algebra A satisfies sup„>il|G(n)- 1^|| < |, then 
C(n) = 1^ for every n. 

The purpose of this paper is to obtain optimal results of this type. We prove 
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a "zero--^" law: if a cosine family (C(g))geG satisfies supg^cWCig) - c(g)|| < 
for some scalar cosine family {c(g))geG then C(g) = c(g) for every g e G. Since 

sup„>i |cos(^) - cos(^)| = cos(^) - cos(l) = the constant is opti¬ 
mal. 

In fact for every a e IR there exists a largest constant k{a) suchthat sup„>i|cos(nfi)- 
cos{na)\ < k{a) implies that cosinb) = cosina) for n > 1, and we prove that 
if a cosine sequence (C(n))„ez in a Banach algebra A satisfies sup„>i|C(n) - 
cos[na)lA\ < k{a) then C(n) = cos{na) for n > 1. This follows from the following 
result, proved hy the author in [TO] . 

Theorem 1.1. Let (C(n))„ez be abounded cosine sequence in a Banach algebra. If 
special)) is a singleton, then the sequence [Cin)) n^z is scalar, and so there exists 
e R such thatCin) = cosina) for n>l. 

The second part of the paper is devoted to a discussion of the values of the 
constant kia). As mentioned above, it follows from [17] that kiO) = |, and it is 
obvious that kia) <sup„>i|cos(na) - cosi3na) \ < if a C |Z. We observe that 

kia) = if ^ is irrational, and we prove, using basic results about cyclotomic 
fields, that kia) < if ^ is rational. 

We also show that the set Q(m) := {a e [0, tt] | kia) < m} is finite for every 
m < We describe in detail the set Q (|) : it contains 43 elements, and the 

only values for kia) for which kia) < | are = cos(|)-i-cos(^) = 1.1180, \/2 = 
cos (f) cos [^) = 1.4142, and cos (|y) -(- cos (^) = 1.4961. 

The zero--^ law follows then from the fact that kia) > cos (|) -(- cos (|) = 
for every a e R. 

We also show that given a e R and m <2 the set T ia, m) of scalar cosine 
sequences icin))n€Z satisfying sup„ez\cin) - cosina)] < m is finite. This implies 
that if a cosine sequence (C(n))„ez satisfies sup„ez II C(n)-cos(an)l^|| < m, then 
there exists k< card iTia, m)) such that the closed algebra generated by (C(n))„ez 
is isomorphic to C^, and there exists a finite family pi .of pairwise or¬ 

thogonal idempotents of A and a finite family Ci,..., Cfc of distinct elements of 
T ia, m) such that we have 


k 

Cin) = ^ Cjin)pj ineZ). 

7=1 

This last result does not extend to cosine families over general abelian group. 
Let G = (Z/3Z)^ : we give an easy example of a G-cosine family (C(g))geG with 
values in such that the closed subalgebra generated by {G(g))geG equals l°°, 
while supgeGlll/°“-C(g)|| = |. 


3 


The author warmly thanks Christine Bachoc and Pierre Parent for giving him 
the arguments from number theory which lead to a simple proof of the fact that 
kia) < ^ if n C nQ. 

2 Distance between bounded scalar cosine sequences 

We introduce the following notation, to he used throughout the paper. 

Definition 2.1. Let a e ttQ. The order of a, denoted by ordia), is the smallest 
integer u>\ such thate^'^^ = 1. 

Recall that a subset S of the unit circle T is said to be independent if ^ 

1 for every finite family (zi ,..., zt) of distincts elements of S and every family 
(ui,..., Ufc) e of such that zj ^ 0 for j < j < k. It follows from a classical theo¬ 
rem of Kronecker, see for example [HI, page 21 that if S = {zi,...,Zfc} is a finite 
independent set then the sequence {z",...,zp„>i is dense in T^. We deduce 
from Kronecker’s theorem the following observation. 

Proposition 2.2. Let a e [0, n]. For m > 0, set 

T[a,m) = {be [0,7r]: supn>i \ cos{na) - cos[nb)\ < m}. 

Then! [a, m) is finite for every m<2. 

Proof : Fix m e [1,2). Notice that if h e K, and if the set is inde¬ 
pendent, then it follows from Kronecker’s theorem that the sequence ((e' e' ^ 

is dense in T^, and so supn>i\cos{na) - cos[nb)\ = 2, and hC r(n, m). 

Suppose that ^ £ Q, and denote by u the order of a, so that = 1. If ^ C Q, 
then the sequence is dense in T, and so 

2 > supn>i\cos[na) - cos{nb )\> supn>i\l - cos{nub)\ = 2, 

which shows that b€T{a,m]. 

The same argument shows that if - C Q, and if - £ Q, then b€Tia,m). So we 
are left with two situations 

1) ^ C Q, and there exists p^b, and keZ such that bq = ap + 2kn. 

2) f e Q and I e Q. 

We consider the first case. Replacing h e [0,7r] by-he [-;t, 0] if necessary we 
can assume that p > 1 and q> I, and we can assume that we have 

, 2k7i 

qb= pa-i -, 
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with gcdip,q) = 1, r > l,gcdir,k) = 1 if 0. 
We have, since ^ C Q, 


supn>i\cos{na) - cos[nb)\> supn>i\cos[nrqa) - cos{nrqb)\ 

= supn>i \cos[nrqa) - cos{nrpa)\ = suptE^^\cos{qt) - cos{pt)\, 

Since gcd[p, q) = 1, we have suptE^^\cos{qt) - cos{pt)\ = 2 if p or ^ is even, 
so we can assume that p and q are odd. Set s = 

2inpj! 2is7i 

It follows from Bezout’s identity that there exist n > 1 such that e = e « 
and setting t = we obtain 


suptm\cos[qt) - cos[pt)\ > 1 - cos 
The same argument shows that we have 


ZSTl 

2s+l 


= 1 + cos 


(-1 

(qj 


We obtain 


siipteRjcos(qt)- cos(pt)j > 1 + cos 


'n' 


We also have 


n 

p <- 

arccos{m-l) 




n 

arccos{m-l)' 


supn>i \cos{na) - cos{nb)\> supn>i \cos[nqa) - cos{nqb)\ 

2nkqn\ 


supn^i 


cosinqa] - cos 


npa + - 




Assume that k ^ 0, set d = gcd{r, q), ri = ^,q\ = f • Then gcd{kqi, ri) = 1, 
and so there exists u > 1 such that ^ ^ 27tZ. This gives 


supn>i\cos{na) - cos{nb)\> supn>i 



( 2n7i\ 

cosinuqa) - cos 

npua-\ - 

1 n 1 


If ri is even, set r 2 = y. We obtain 


supn>\ 



( 2nn\ 

cosinuqa) - cos 

npua-\ - 

1 n ) 


> sup„>o\cos[i2n + l)r 2 uqa) - cos[i2n + l)r 2 upa) + 7i )\. 
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Since 2r2 ua t ttQ, there exists a sequence {nj)j>i of integers such that 


^ ^ ^j—*+oo 


^i2njr2ua+ir2ua 


= 1 , 


SO that 


limj^+oo\cos{{2nj + \)r 2 uqa) - cos[{2nj + \)r 2 upa) + Ti) \ = 2, 


and in this situation sup„>i \cos{na) - cosinb]\ = 2. 

So we can assume that ri is odd. Set r 2 = The same calculation as above 
gives 


supn>i 


cos{nuqa) - cos 


2mi 

npua-\ - 

ri 


> SUPn>l 


cos{[n[ 2 r 2 + 1) + r 2 )uqa) - cos 


2[n[2r2 + l) + r2) 

ini2r2 + 1 ) + r2)upa-\ -^- n 


> 1 + cos 


^1- 

2r2 + lj 


Hence rj = 2r2 + 1 < arcco1im-iy r = nd<nq< • 

This gives 


2\k\n < r\qb- pa\ < 2n 


n 


,arccos{m-l) 


3 ( 

,\k\< 


n 


,arccos{m-l) 


We see that T [a, m) is finite if f C Q, and that we have 


card (TCa, m]) 


<2 


n 


,arccos{m-l), 


Now consider the case where ^ £ Q, ^ e Q. We first discuss the case where 
a = 0,b^0. We have b = where l<p<q, gcd[p, q) = l 

li p = q = I, then b = n, and - cos(n7r)| = 2. So we may assume that 

p < q pis odd, then we have 

supn>i\l- cos{nb) \ > |1- cos(^ 7 fi)| = 1 - cos[pn) = 2. 

So we can assume that p is even, so that q is odd. Set r = There exists 
no > 1 and r e Z such that nop - r e qZ, and we have 


sup„sz\i- cosinb]\ > \l - cos{2nob]\ = 


1 - cos 

2rn 

= 1 + cos 

'n' 

l2r + lj 

< ^ ‘ 




We obtain again q < 


arccos{m-Vi 


, and card (TCO, m)) < | 


arccos{m-l) 


6 





























Now assume that a^O, and let u > 2 be the order of a. We have 

SMp„>i|l - cos{nub)\ = supn>i\cos[nua) - cos[nub)\< m, 

and so there exists there exists c £ r(0, m) such that cosine) = cosinub) for n > 1. 
In particular cos(c) = cosiub), and b=±^ + where fc £ Z. We obtain 

f 7T 

card (r(fl, m)) < Zucard (r(0, m)) < Zucard - . 

\arccosim-l) 

□ 

We do not know whether it is possible to obtain a majorant for card (F [a, m)) 
which depends only on m when a £ ttQ. 

Theorem 2 . 3 . Let a £ K, let m < Z, and let (C{n))„ez be a cosine sequence in 
a Banach algebra A such that sup„>i\\Cin) - cosina)\\ < m. Then there exists 
k < card [T{a, m)) such that the closed algebra generated by (C(n))„ez is isomor¬ 
phic to C^, and there exists a finite family pi,..., of pairwise orthogonal idem- 
potents of A and a finite family bi,...,bk of distinct elements ofT [a, m) such that 
we have 


k 

Cin)=Y_cosinbj)pj ineZ). 

7=1 

Proof: Since c„ = Pnici), where Pn denotes the n-thTchebishevpolynomial, 
Ai is the closed unital subalgebra generated by ci and the map j jCci) is a 
bijection from Ai onto specAfci). Now let x ^ ^i- The sequence (x(c„))„>i is a 
scalar cosine sequence, and we have 

supn>i \cosina)-xiCn)\ < 2 . 

It follows then from proposition 2.2 that specAiici) := {A = x(ci): x ^ M} is 
finite. Hence Ai is finite. LetXi,---,Xm be the elements of Ai. It follows from the 
standard one-variable holomorphic functional calculus, se for example (9], that 
there exists for every f < m an idempotent pj of Ai such that Xj^Pf = 1 

m 

XkiPj) = 0 for A 7 ^ j. Hence pjPk = 0 for f k, and X pj is the unit element of 

7=1 

Ai. 

Let X e Ai. Then {pjCn)n€Z is a cosine sequence in the commutative unital 
Banach algebra pjAi, and speCp-A^iPjCfs = iXjici)}. 

Since supn>i ||p;cos(na) - P;C„|| < Z\\pj\\, the sequence ipjCn)n>i is boun¬ 
ded, and it follows from theorem 2.3 that [pjCn)n>i is a scalar sequence, and 
there exists fj £ [0,7r] such that pjCn = Xj^Cn)Pj = cos{nfj]pj for neZ. 
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m 


m 


Hence c„ = Y. Xj^^n)Pj = L cos{nfij)pj for n > 1. Since Ay is the closed 


m 


subalgebra of A generated by Ci, we have x= Y. Pj for every xe Ai, which 


shows that Ay is isomorphic to C“. □ 

Corollary 2.4. Let a > 0 e K, and let k{a) be the largest positive real number m 
such thatTia, m) = {a] for every m < k{a). If iC[n))n€Z is r* cosine sequence in 
a Banach algebra A such that supn>i\\Cin) - cos{na)\A\\ < k[a), then C{n) = 
cos[na)lAfor neZ. 

Theorem 2.3 does not extend to cosine families over general abelian groups, 
as shown by the following easy result. 

Proposition 2.5. LetG:= [Z13Z)^. Then there exists a G-cosine family iC[g))g^G 
with values in l°° which satisfies the two following conditions 


(i) supgeGUl<->-C{g)\\ = 

(ii) The algebra generated by the family (C{g))geG is dense in l°°. 

Proof: Elements g of G can be written under the form g = (g„)m>i) where 
gm e {0,1,2}. Set 



Then (C(g))geG is a G-cosine family with values in l°° which obviously satis¬ 
fies (i) since cos(^) = cos[^) = 

Now let (f) = (0m)mez be an idempotent of and let S := |m > 1 | (pm = 11- 
Set gm = 1 if m e S, gm = 0 if m > 1, m C S, and set g = (gm)m>i- We have 



and so (pe A. We can identify l°° to the algebra of continuous func¬ 

tions on tbe Stone-Cecb compactification of N, and fN is an extremely discon¬ 
nected compact set, which means that tbe closure of every open set is open, see 
for example (D , cbap. 6, sec. 6. Since tbe characteristic function of every open 
and closed subset of fN is an idempotent of l°°, the idempotents of l°° separate 
points of fN, and it follows from the Stone-Weierstrass theorem that A is dense 
in l°°, which proves (ii). □ 
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3 The values of the constant kia) 


It was shown in (TT) that A:(0) = |. We also have the following result. 

Proposition 3.1. We have k[a) = if ^ is irrrational, and k{a) < if^ is 

rational. 

Proof : Assume that f C Q- Then 3at±a + 2nZ, and we have 

8 

k[a) < supn>i\cos{na) - cos[3na)\ = supxeulcosix) - cos[3x)\ = — 

3v3 

We saw above that If | in Q, then sup„>i|cos(na) - cosinb)\ = 2, and we 
also have sup„>i|cos(na) - cos[nb)\ = 2iipa- qbt 2nZ for [p, q) ^ (0,0). So if 
sup„>i|cos(na) - cos{nb)\ < 2, there exists p e Z\ {0}, ^ e Z \ {0} and r e Z such 
that pa- qb = 2rn. 

If p^±q then it follows from lemma 3.5 of HO] that we have 


sup„>i|cos(na)-co5{nh)| > sup^^fcosinqa)-cos{nqb)\ = sup^^fcosiqna)-cos{pna)\ 


= supIcos(^x) - COS{px]\ = SUp^eR 



- C05(X) 
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3\/3' 


We are left with the case where b = ±a+ where r e Z \ {-1,0,1}, and we 
can restrict attention to the case where b = a + ^ where r>2, l<5<r-l, 
gcd{r,s) = 1. It follows from Bezout’s identity that there exists for every p > 1 
some M e Z such that ub-ua- e 2nZ. If r is even, set p = ^. We have, since 
the set is dense in the unit circle. 


sup„>i\cos{nb) - cosina]\ = supnezlcosinb) - cos[na)\ 
> supn>\\cosi[2n+ l)ub) - cos{[2n+ l)ua]\ 

= 2supn>\\cos[i2n + l)ua)\ = 2. 

Now assume that r is odd, and set p = . We have 


supn>i\cos{nb) - cos{na)\> sup„> 


> SMp„>i 


cos[{2nr + 1) ua) - cos 


i|cos((2n + l)ub) - cosi{2n + l)Mfl)| 
|{2nr + l)ua + {2nr + 1) -jj 
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SUPxER 


cos(x) + cos|x-— j >2cos^—'j>V3 


3\/3 


Now assume that f is rational. If the order of a is equal to 1, then kia) = 1.5, 
and we will see later that this is also true if the order of a equals 2 or 4. 
Otherwise we have 


k{a) < supn>i\cos{.na) - cos{3na)\ = maxi<n<u\cos[na) - cos{'ina)\. 


We have \ cosinx)-cosi3nx) \ < ifxC ±arccos^-^^+nZ. If nae ±arccos 


nZ for some n > 1, then 


would he rational, and a := -^ + would 

V3 v/3 


be a root of unity. So 13 = would have the form (3 = e~ for some 

n < 1 and some positive integer k>n such that gcdik, n) = 1. 

Let Q{/3) be the smallest subfield of C containing <f}u (3. Since 3f3^ + 2(3 + 
3 = 0, the degree of Q()S) over Q is equal to 2. On the other hand the Galois 
group GaliQi(3]/<Q) is isomorphic to (Z/nZ)*', the group of invertible elements 
of Z/nZ, and we have, see ED, theorem 2.5 


(V3 


H[n] = degmP)/Q) = 2, 

where H{n) = card {{ZInZY) denotes the number of integers p e n] 
such that gcdip, n) = l. 

Let P{n)he the set of prime divisors of n. It is weil-known that we have, wri¬ 
ting n = npep(„) p“p, see for example |2T], exercise 1.1, 


LL(n) = npep(„)p“p Hp-1). 


It follows immediately from this identity that the only possibilities to get 
H[n) = 2 are n = 3, n = 4, and n = 6. Since (3^ ^ I, ^ 1, and /I® ^ 1, we see 
that - is irrational, and so kia) < if - is rational. □ 

3\/3 ^ 

□ 


We know that if ^ is rational, and if ^ is irrational, then supn>i\cos[na) - 
cosinb)\ = 2. We discuss now the case where ^ and ^ are both rational, with 
b€ ±a + 2nZ. 


Lemma 3.2. Let a,be (0, n]. 

(i) If7a< fi< |, orifj <b<^, with\b-^ \ > la, then 


supn>\\cosina) - cosinb)\ > 1.55. 
(ii) If^<b<7t, and ifb > Aa, then 
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cos(a] - cos{b) > 1.57. 


Proof: (i) Assume that 7a<b<j, let p be the largest integer such that pb < 
and setq = p +1. Wehave ^<qb<^,0<qa<^, and we obtain 


supn>i \cos[na) - cos[nb) \ > cos[qa) - cos[qb) 


> cos 



> 1.55. 


Now assume that | < h < ^, with \b-^\> 7a, and set c = \3b-2n\. Since 
h - ^1 < |, we have 21 a < c < |, and we obtain 


sup„>i \cos{na) - cosinb)\> supn>i |co5{3aa) - cos{3nb)\ 

= supn>i\cos{3na) - cos[nc)\> 1.55. 

(ii) if ^ < h < ;r, and if h > 4a, then 0 < a < f, and we have 

cos{a) - cos{b) > cos |^ j + cos j > 1.57. 

Lemma 3.3. Let p, q be two positive integers such that p < q. 

(i) If q ^ 3p, then there exists Up^q > 1 such that, ifordia) > Up^q we have 


supn>i\cos{npa] - cos{nqa)\> 
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(ii)Ifq = 3p, then for every m< ^ thereexists Up[m) > 1 such thatiford[a) > 
u{m) we have 


sup„>-i\cos{npa) - cos[3npa)\> m. 

Proof : Set A = supx<iu\cos{px) - cos[qx)\ = supx>Q\cos{px) - cos[qx)\. An 
elementary verification shows that A > q^3p, and A = ^ if ^7 = 3p, see 

for example (To). Now let p < A, and let ry < d be two real numbers such that 
\cos[px) - cos{qx)\ > jU for ry < X < d. Since we see that 

supn>\\cos[npa) - cos{nqa)\> p if ^ < d-jy, and the lemma follows. □ 

Lemma 3.4. Assume that ^ and ^ are rational, letu>l be the order of a and let 
V be the order ofb. 

(i) If u V, u 'iv, V su then supn>\\cos[na) - cos{nb)\ > 1 + co5[|) > 
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(ii) Ifu=v, and ifb t ±a + 2nZ, then there exists w eZ such that 2 < w; < -^ 
and gcdiu, w) = l satisfying 


supn>i cosina) - cos[nb]\ = supn>i 


cos 

' 2 nn'^ 

- cos 

' 2 nwTt\ 

1 u j 

1 u ) 




( 2 ) 


Conversely if a e nQ has order u, then for every integer w such thatgcd[w, u) = 

1 , there exists b e nQ of order u satisfying ( 2 ). 

(iii)Ifv = 3u, then there exists an integer iv such that! < w< ^ andgcdiu, w) = 
1 satisfying 


supn>i cosina) - cosinb]\ = supn>\ 


cos 

' 2 nn' 

- cos 

' 2 niv 7 t\ 

, 3a , 

1 u I 




(3) 


Conversely if a e nQ has order u, then for every integer iv such thatgcdiw, u) = 

1 there exists b e JiQ of order 3u satisfying (3). 

(iv)Ifu = 3v, then there exists an integer w such that I < u; < ^ andgcd [^,iv) = 
1 satisfying 


supn>i cosina) - cosinb)\ = supn>i 



- cos 


' 6 nw 7 t 
, u 


(4) 


Conversely if the order u of a e nQ is divisible by 3, then for every integer iv 
such thatgcd [^,iv) = I there exists b e nQ of order ^ satisfying (4). 

Proof : (i) Assume that u 7 ^ v, say, u < v, and let u’ 7 ^ 1 be the order of ub, 
which is a divisor of v. We have ub = with gcdia, w) = 1, and there exists 
7 > 1 such that ay -1 e wZ. We obtain 


supn>i\cosina)-cosinb)\> supn>i\cosinuYa)-cosinuYb)\ = supi<n<u/^-cos 


2 mt 


w 


If w is even, then supn>i\cosina) - cosinb)\ = 2.lf w is odd, set 5 = We 


obtain 


supn>i\cosina) - cosinb)\> 1 - cos 
If w > 5, we obtain 


2S7t\ ( Tt \ 

- = 1 + cos — 

IV I ^iv! 


supn>i\cosina) - cosinb) \ > 1 + cos|—j > 1.8 


> 


3V3 


If w = 3, let d = gcdiu, v), and set r = ^. Then w = 3 = -j > r. So either r = 1 
or r = 2 . 
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If r = 2, we have u = 2d, v = 3d, a = ^ with p odd, b = with 

gcd{q,3d) = 1, and we obtain 

5Mp„>i|co5{nfl) - cos[nb)\ = \cosi3da) - cos{3db)\ 

> \cos{3p7i) - cos[2qn)\ = 2. 

If r = 1 then u = d and v = 3d = u. 

We thus see that if i; > n and v 3u, then supn>i\cosina) - cos{nb) \ > 1 + 
cos(|) > 1.8 > which proves (i). 

(ii) Assume that u= v, and that b € ±a + 27iZ. There exists a, ^6 e {1,..., u - 
1}, with a ^ (f, a ^ u - P such that a e + 2nZ and b e + 2nZ, and 
gcd{a, u] = gcdip, u) = 1. It follows from Bezout’s identity that there exists jeZ 
such that ay-l e uZ. If /Syll e uZ then we would have al5Y±a eauZc uZ, and 
f^±a £ uZ, which is impossible. Hence jfi- w £ uZ for some w £ {2,...,u-2}, 
gcdiw, u) = l since gcdiy, u) = gcdip, u) = 1, and we have 


supn>i\cosina) - cosinb)\> sup„>il cos(nya) - cos(nyh)| 


supn>i cos 

— Slipii>i 


2n7i\ 


- cos 


, u j 

2nan\ 


2nwn 


u 


> SUPn>\ 


2nan\ 


cos 


- cos 


u 


2nawn 


u 


cos 


u 


-cos 


(2n(in 


V u 


= supn>i\cos{na) - cos{,nb)\. 


By replacing lo by n - u; if necessary, we can assume that 2 < m f. 

Now let io e Z such that gcd[u, w) = 1. We have a = with gcd[a, u) = 1. 
The same argument as above shows that we have 


supn>\ 


cos 

'2nji] 

- cos 

'2nwn\ 

1 u j 

1 u 




supn>i cos(na) - cos{.nb)\. 


with b = which has order u. 

(iii) Now assume that v = 3u. There exists a e {1,..., u-1} and (3 £ {l,...,3u- 
1} such that a £ + 27iZ and b £ + 2nZ, and gcd{a, u) = gcd[(3,3u) = 1. 

Lety e Z such that )6y-l e 3uZ.Thengcd(y,3u) = 1, and a fortiori gcd{y, u) = 1. 
There exists w£Z such that ay £ ± lo + uZ, and we see as above that we have 


supn>i\cos[na) - cos{nb)\ = supn>i 


cos 


'2nan\ 
, u 


- cos 


2n(in\ 
3u } 


= supn>i 



{2narn\ 

{2nbYn\ 


f 

cos 

- - cos 


II 

s 

IV 

cos 


1 U j 

1, 3u 1 


V 


2nwn 


u 


cos 


2nn\ 


3u I 
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Conversely let a = e ttQ have order u, and let u; e Z be such that gcd[u, u>) 
1. If a is not divisible by 3, then gcd{a,3u) = 1. If a is divisible by 3, then u is not 
divisible by 3, and soa+nea + wZis not divisible by 3. So we can assume wi¬ 
thout loss of generality that a is not divisible by 3, and there exists P > I such 
that afi-le 3unZ. Similarly we can assume without loss of generality that w is 
not divisible by 3, and there exists y > 1 such that wj- 1 e 3unZ. Set b = 3 ^- 
Then b has order 3u, and we see as above that we have 


supn^i 


cos 


2nwn\ 


u 


- cos 


2nn 


3u 


>sup„>i 




(2najwn 


cos 


2naYJi 


3u 


= supn>i \cos[na) - cos{nb)\ > supn>i 


rn 

'2najwPwn' 

(2najBwn\ 

rn c 


1 u 

1 3u J 


— sup^>i 


cos 


2nwn 


u 


- cos 


2nn\ 
3u I 


which concludes the proof of (iii). 

(iv) Clearly, the first assertion of (iv) is a reformulation of the first assertion 
of (iii). Now assume that the order u of a e ttQ is divisible by 3, set i; = -I, write 
a = and let in £ Z such that gcd[w, v) = 1. We see as above that we can 
assume without loss of generality that gcd{u, w) = 1 . 

Since gcd{a, u) = 1, we have a fortiori gcdia, v) = 1 , so that gcd(aw, v) = 1 , 
so that b := has order v and we see as above that a, b, u and w satisfy (4). □ 
In order to use lemma 3.4, we introduce the following notions. 


Definition 3.5. Let u >2, and denote by A{u) the set of all integers s satisfying 
1 < s < ^, gcd{u, s) = 1, and letAiiu] = A(m) \ {!}. We set 


criu) — infu,€A(u) 


d{u) — infuj^Ai(u) 


supn^i 


SUpn>l 


COS 


COS 


(27T] 

'2wn" 

[3uJ 

u 


'2W71' 

V M J 

u j 


with the convention6[u) = 2 ifAiiu) = 0. 


Notice that Aj (n) = 0 if n = 2,3,4 or 6 , and that Ai (u) 7 ^ 0 otherwise since as 
we observed above H[n) = card {[ZlnZ]^] >3ifnt 11,2,3,4,6}. 

We obtain the following corollary, which shows in particular that the value 
of k{a) depends only on the order of a. 


Corollary 3.6. Let a e ttQ, and letu>l be the order of a. 

(i) Ifu is not divisible by 3, thenkia) = inf{a{u),d{u)). 

(ii) Ifu is divisible by 3, thenk{a)= inf{a[^),a{u),diu)). 
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Proof:Set 

- Ai(a) = {be nQ \ b€ ±a + 27iZ,ordib) = ordia)}, 

- A 2 (fl) = {be nQ \ ord[b) = 3ordia )}, 

- AaCa) = {be nQ \ 3ord[b) = ord[a ]}, 

- A 4 (fl) = {benQ \ ord[b) ordia) 7 ^ 3ordib)}, 
and for 1 < z < 4, set 

A; (a) = infhsAiia) sup|cos(na) - cos[nb)\, 

«>i 

with the convention A, (a) = 2 if A, [a) = 0 . 

Since b € ±a + 2 nZ if ordib) ^ ord[a), we have AaCa) < and it follows 
from lemma 3.4{i) that we have 


fc(fl) = infi<i<iAiia) = zn/i<;<3A;(fl), 

and it follows from lemma 3.4 (ii), (hi) and (iv) that Ai [a] = diu) if Ai (u) 7 ^ 0, 
that A 2 [a) = a{u), and that A 3 [a) = a (-1) if u is divisible by 3. □ 

We have the following result. 

Theorems.?. Letm< Then the setD,im) := {ae [0,7i]: k[a) < m} is finite. 

Proof: It follows from lemma 3.3 applied to ^ and ^ that there exists Mq > 1 
such that we have, for u>uq, 


ii)SUPn>l 
iii)supn>i 
iiii)supn>i 


cos 


2 nn\ 


u I 
f 6 nn\ 


cos 


2 wnn\ 


cos 


u 


- cos 


u 

2(3 lu + \)nn\ 


u 


> m if 2 < le < zn/|—, 6 ^, 
> m if 0 < m < 6 , 


{6nji] 

(2i3w + 2)nn\ 

cos - 

- cos - 

V u 

1 u j 


> m if 0 < m < 6 . 


Let u > Uo, and let w be an integer such that 2 < u; < -1. II < 71 / 2 , or if 

lerty (i) tf 

I2wnn\ 


> ^, it follows from lemma 3.2 and property (i) that we have 


supn^i 


cos 


2nn 


we have 


u 

jjT 
6 


cos 


U 


> m. 


Now assume that f < < ^. If I zu - # I > 7, it follows from lemma 3.2 that 


supn>i 


cos 


2nn\ 


u j 


- cos 


2wnn\ 


u 


> 1.55 > m. 
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If I It; - #1 < 7, set r = \3w- u\. Then 0 < r < 20, and we have 


SUpn>l 


COS 


Znn] 


u I 


- cos 


2u>nn\ 


u 


> supn^i 


&nn\ 


cos 


u 


2nrn\ 


cos 


u 


If u is not divisible by 3, then either r = 3s+Iorr = 3s + 2, with 0 < it; < 6, 
and it follows from (ii) and (hi) that we have 


supn>\ 


cos 


(2nn\ (2wnn\ 
- cos 


u 


u 


> m. 


If u is divisible by 3 then r is also divisible by 3. Set r" = f and 5 = ^. Then 
0 < s < 6, and we have 


supn>i 


cos 


2nn 


- cos 


'2wnn\ 
, u ) 


> supn>i 


2n7i\ 


cos 


V 


2nsn\ 


- cos 


V 


If s G {2, 3,4,5,6} it follows from (i) that we have, if tt > 3 tto, 


supn^i 


cos 


2nn\ 


V I 


- cos 


2snn\ 


u 


> m. 


Now assume that s = 0. If w > 15, then v>5, and we have 


supn^i 


cos 


2nn 

V 


cos 


2snn\ 


, It j 


= supn>i 


cos 


2nn] 


V ) 


-1 


> l+cos|—j > 1.8 > m. 


Now assume that s = 1. We have, with e = ± 1, 


supn^i 


>SUPn>l 


2nn 


cos 


cos 


- cos 


2wnn\ 


u ) 


supn^i 


cos 


2nn\ 


2[3n + \)n 
3v 


- cos 


2{3n + l)7i 2en 
■ H- 


3t; 


, 3t; j 
= V3 


(2nn 2nen\ 

3 ] 

(2nn 2n en 


sin\ 


■ H-h 

V 3v 3 


There exists p > 1 and q eZ such that | ^ ^ + |2 + ^ + 2qn < | + 

and we obtain, for u>21,w=v±l, 


supn>i 


2nn\ 


cos 


u 


- cos 


2wnn\ 
u ) 


\/3cos|—j > \/3cos|yj > 1.56> m. 


We thus see that if it > tto is not divisible par 3, or if tt > max(21,3uo) is 
divisible by 3, we have, for 2< w< j, 
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SUPn>\ 


(2nn\ 

cosi-I - cos 


2wnn 


u 


> m. 


It follows then from corollary 3.6 that if the order w of a e [0,2;r] satisfies 
u > max(21,3Mo)> we have k{a) > m. 

□ 

We now want to identify the real numbers a for which k{a) < 1.5. 

If a £ ttQ has order 1,2 or 4, then supfi>i\cos{an) - cos{2an)\ = 0. We also 
have the following elementary facts. 


Lemma 3.8. Let ae nQ, andlet ut {l,2,A} be the order of a. 

1. //uC {3,5,6,8,9,10,11,12,15,16,18,22,24,30} then 


sup„>i\cos[an) - cos(.3an)\> 1.5. 

2. Tfw e {3,6,9,12,15,18,24,30}, then 

sup„>fcos[an) - cos{3an)\ = 1.5. 


3. If ue {5,10}, then 


sup„>fcos[an) - cos{3an)\ 

4. If ue {8,16}, then 


2 ■ 


supn>\\cos[an) - cosi3an)\ = V2. 

5. If ue {11,22}, then 


supn>i\cos{an)-cosi3an)\ = -cos 


I8n\ 


11 j 


+ C05 


24n 

TT 


= cos 


271 \ 


- +COS 


11 J 


371 

IT 


Proof: We have {e'“”}„>i = {e « }i<„<i<, andsowehave 
supn>i\cos[an) - cos[3an)\ = supn>i 


cos 

'2n7i\ 

- cos 

'6n7i\ 

1 u j 

1 u j 




— SUp\<fi<i 


C05 


(2n7i\ (6n7i\ 

'-' - cos - 


\ u j 


u 


and the value of supn>i\cos{an) - cos{3an) \ depends only on the order u of a. 


1.4961. 
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The function x cos(x) - cos(3x) is increasing on 0, arccos j 


and de¬ 


creasing on arccos-arccos, and 0.2757r < arccos< 0.3337r. 
Since cos(x) - cos{3x) > 1.5 if x = 0.2757r or if x = 0.333;r, there exists a closed 
interval I of length O.OSBtt on which cos{x) - cos(3x) > 1.5. So if u > 35 > ^ 


there exists n > 1 such that e I, and we have 


0.058’ 


sap„>i|cos(an) - cos(3aa)| >1.5 Vn > 35. 

The other properties follow from computations of sapi<„< u \ cos [^) - cos (^) | 
for 3 < a < 34 which are left to the reader. □ 

We now wish to obtain similar estimates for supn>i lcos[^) - cos(^)| for 
s e {2,4,5,6}. Set fsix) = cos(x) - cos(sx),9s = supjc>o\f(s')\,5s = supx>o\f"(s)\. 

We have = 2 if s is even, and a computer verification shows that 0^ > 1.8 for 
s = 5. It follows from the Taylor-Lagrange inequality that if /j attains it maximum 
at as, then we have, 


|/s(x)-0^| <^\[x-asf\,\fsix)\>ds-^\[x- 


a. 


and so \fsix)\ > 1.5 if |(x-as; | - au u ^ y ~ 

interval of length 2ls on which |/s(x)| > 1.5. Let > -^ he an integer. We obtain 


2 | ^ 26 s 3 ^ ^ \/2^-2 there exists a closed 


supn>i 


cos - 


(2nn 


t u 


- cos 


2snn\ 


u 


>1.5 Vu > Uc. 


(5) 


Values for Us are given by the following table. 


s 

Os 

5. 

h 

Us 

2 

2 

<5 

0.4472 

8 

4 

2 

< 17 

0.2425 

13 

5 

> 1.8 

<26 

0.1519 

21 

6 

2 

<37 

0.1644 

20 


We obtain the following result 

Lemma 3.9. Let u>Abean integer, and lets<j be a nonnegative integer. 
If si^ 3, then we have 


SUPfi>i 


cos 

'2nn' 

- cos 

'2nsn\ 

1 u 

1 u 




> 1.5 


Proof: If s = 0, then 
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SUPft>i 


cos 


'2nn 
. u 


- cos 


'2nsn 
. u 


= SUpn>l 


cos 

'2mi' 

-1 

1 u 




> 1.8. 


If 5 > 7, the result follows from lemma 3.2 (i). If 5 e {2,4,6}, the result follows 
from the table since u > 45. If 5 = 5, the result also follows from the table for 
u > 21, and a direct computation shows that we have 


supn^i 


cos 

'2nn^ 

- cos 

' I0nn\ 

o 

CM 

1 20 J 




SUpi<n<20 


(nn\ 

[UTl] 

C05 — 

-C05 - 

V10^ 

V 2 1 


(71 

= 1+C05 — 

V5 


□ 

Now set gs(x) = c05(3x) - co5(5x),0^ = 5upx>olg(5)l,d5 = supx>o\g"is]\. We 
have 0^ = 2 if 5 is even, and a computer verification shows that 0^ > 1.85 for 5 = 5, 
ds > 1.91 for 5 = 7,5 = 11, 05 > 1.97 for 5 = 13,5 = 17, 0s > 1.96 for 5 = 19. We see 
as above that if Is < and if Us ^ f- is an integer, we have 


supn^i 


cos 


'2snn 
, u 


(6n7T' 
- C05 - 

I U 


>1.5 Vu > Us. 


We have the following table. 


( 6 ) 


5 

ds 

0. 

h 

Us 

2 

2 

< 13 

0.2774 

12 

4 

2 

<23 

0.2085 

16 

5 

> 1.85 

<34 

0.1435 

22 

7 

> 1.91 

<58 

0.1189 

27 

8 

2 

<73 

0.1170 

27 

10 

2 

< 109 

0.0958 

33 

11 

> 1.91 

< 130 

0.0794 

40 

13 

> 1.97 

< 178 

0.0727 

44 

14 

2 

<205 

0.0698 

45 

16 

2 

<275 

0.0603 

53 

17 

> 1.97 

<298 

0.0562 

56 

19 

> 1.96 

<390 

0.0486 

65 

20 

2 

<409 

0.0494 

64 


We will be interested here to the case where u is not divisible by 3 and where 
^ < |, which means that u > 45. So we are left with 5 = 2, u = 8,10 or 11, and 
with 5 = 5, u = 20. We obtain, by direct computations 


> 1.80. 
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SUPn>l 


COS 


Ann 


- cos 


6nn 


= SUPn>i 


[ nn 

cosy— I - cos 


3nn\ 


4 


= 2 . 


sup„>i 


I Ann] 
cos - 

I 10 j 


cos 


6nn 


10 


= sup„>i 


cos 


'2nn\ 

- - cos 

5 j 


3nn\ 


= 2 . 


supn>\ 


cos 


'Ann 


6nn 


cos 


11 


= cos 


2071:1 (30n] 

-l-cos -I 


11 I 


11 I 


= cos 


I2n 

.11 j 


(3n 

+ COS — 

111 


1.4961. 


sup„>i 


lOnn] 


cos 


20 


■j 


- cos - 


16nn 


V 20 


= supn>i 


■nn 


cos 


1 - 


2 ) 


cos 


3nn 

To” 


> 1.80. 


We obtain the following lemma. 


Lemma 3.10. Let u, s be positive integers satisfying m> 4, ^<s<^, with s>2, 
so that u>5. We have 


supn>i 


2nn 


cos 


u 


cos 


2snn 


= cos (|) + cos (^) ifu = 5, s = 2, or ifu = 10, s = 3, 
= V2 ifu = 8, s = 3, or ifu = 16, s = 5, 

= cos(Iy) + cos(^) ifu = ll,s = 4 orifu = 22,s = 7, 
= 1.5 ifu= 12, s = 3, 

> 1.5 otherwise. 


Proof: Set r = |3s - u|. Since = have 0 < ^ If 

r > 21, it follows from lemma 3.1(1) that supn>i |cos(^) - cos(^^)| > 1.5. 

If u is not divisible by 3, then r is not divisible by 3 either, and it follows from 
the discussion above that if r 1 and r 2, we have 


supn^i 


cos 


2nn\ 


u 


- cos 


'2snn 
. u 


> supn>i 


cos 

'6nn] 

- cos 

'2rnn\ 

1 u j 

1 u j 




> 1.5. 


The condition r = 2 gives -H = |. We saw above that in this situation 
supn>i |cos(^) - cos(^^)| > 1.5 unless u = 11, which gives s = 3, and we 
have 


SUpn>l 


(2nn 

cos -1 - cos 

I 11 


'6nn 

~ 


supi<„<n 


cos 

'6nn] 

- cos 

'Ann] 

1 11 J 

1 11 J 
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1.4961. 



f'307r'l 

(207i\ 


f27rl 

f 

COS 

- + cos - 

= cos 

— 1 + cos 



1 11 ) 

\ 11 


Uij 

lllj 


The condition r = 1 gives 1 5 - f | = 5 , which gives s = iiu= \ mod 3, and 


s = if M = 2 mod 3. In this situation we have 


supn^i 


2nn\ 


cos 


u 


- cos 


'2snn\ 
u ) 


> sup„>i 


cos 


'2nn\ 


u j 


- cos 


'6nn\ 

. u j 


Since we must have 1^“ f | = 5 . it follows from lemma 3.8 that if n t {5,8,10,11,16,22}, 
or if M = 5, s 5 ^ 2, or if u = 8 , s 7 ^ 3, or if u = 10, s 7 ^ 3, or if M = 11, s 7 ^ 4, or if u = 16, 
s 7 ^ 5, or if u = 22, s 7 ^ 7 we have 


cos 

'2nn] 

- cos 

'2smi\ 

1 u 

u ] 




supn^i 


A direct computation shows the that we have 


> 1.5. 


Slipn>l 


COS 


I2nn\ (2snn\ 


u 




- SUp\<ri<u 


2nn\ (2snn\ 
- - cos - 


Kf) + cos(f) ifu: 

;f „_Q ._q --if u= 16,S = 5, 

11, s = 4 or if M: 


\b J y b J 

\f2 if u = 8 , s = 3, or ii 
cos (|y) +cos (^) if u _ - _ 

divisible by 3. 


We now consider the case where u = 3v i 
sible by 3. If r = 0, and if u 7 ^ 9, then we have 



u I 


Then r is 


also divi- 


supn^i 


cos 


2nn\ 
u j 


- cos 


2snn\ 
u j 


>sup„>i 


2nn\ 


cos 


V 


-1 


> 1.8. 


If u = 9, then s = 3, and we have 


Slipn>l 


COS 


2nn\ {2snn\ 

- - cos - 

\ u j \ u j 


SUpi<fi<Q 


(2nn\ (2nn\ 

cos - - cos 


V 9 


3 j 


= 1.5. 


Now assume that r = 3, which means that s = v + e, with e = ± 1. We have 


supn^i 


cos 

'2nn' 

- cos 

'2snn\ 

1 u 

1 u ) 




— SUpi<fi<3v 


COS 


2nn\ 


-cos 


(2nn 2enn 
' + 


I 3 


3v 


— 2,SUpi<n<3v 



f fiTT (l + e)n7T] 

f nn {\-e)nn\ 

sin 

-1- 

sin\ - 1 - 


, 3 30 

1 3 3v j 
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— SUpi-<n<'iv 


Sin 


sin 


> V3supo<n< 

— y/Ssiipo^fj^p 


' nn 2nn\ 

sin - 1 - 

, 3 J>v 


{"in + Vin 2{3,n+\)n 


inn 

'~3~ 


■ + ■ 


sin 


2nn 


■ + ■ 


3v 
[v + 2]n 
3v 


Since sin{x) > ^ for f < x < %, there exists ne{l,...,v} suchthat sin + 


2 3 

if n > 7, and we obtain 


V ^ 


SUpn>l 


COS - 


(2nn 


V u 


- cos 


{2snn\ 


\ u ) 


> 1.5 if u>21. 


We are left with the cases where u = 6, o = 2, s = 1 or 3, n = 9, c = 3, s = 2 or 4, 
u = 12, 0 = 4, s = 3 or 5, n = 15, c = 5, s = 4 or 6, M = 18, c = 6, s = 5 or 7. But s = 1 is 
not relevant, and the condition | < s < ^ is not satisfied for u = 6, s = 3 and for 
M = 9, s = 2 or 4. 

Direct computations which are left to the reader show that we have 


supn^i 


cos 


2nn\ 

, u j 


(2snn 


- cos - 


t u 


> 1.64 if u = 15 and s = 4, 

> 1.70 or if u = 18 and s = 5 or s = 7 

> 1.72 if u = 15 and s = 6, 

> 1.73 if n = 12 and s = 5. 


So sup„>i |cos(^) - cos(^^)| > 1.5 if I < s < when u is divisible by 3 
and when s - ^ e {-1,0,1}, unless u = 12 and s = 3. If u = 12 and s = 3, we have 


supn^i 


cos 


'2nn 
, u 


- cos 


'2snn 
> u 


SliPfi>i 


inn\ 

(nn\ 

cos — 

-cos — 

t 6 ^ 

2 > 


1.5. 


Now assume that u = 3c is divisible by 3, and that 2 < |s- c| < 6. Set again 
r = |3s- u|, and set p = ^,so that 2 < p < 6. Notice also that p ^ ^ since r < -j, 
so that M > 24 and c > 8. We have 


supn>i 


cos 

'2nn\ 

- cos 

'2snn\ 

1 u j 

1 u j 




> snp„>i 


cos 


6nn 


cos 


2rnn 


u 



f 2nn] 

'2pnn\ 

cos 

- - cos 


1 V J 

1 u 


— SUP}2>1 

\ U ) \ u 

It follows then from lemma 3.9 that SMp„>i |cos(^) - cos(^^)| > 1.5 if 

p^3. 

If p = 3, then u > 36, and so c > 12. Since s - v = ±3, it follows from lemma 
3.5 that we only have to consider the following cases : 


(v+2)ii 

3v 
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- a = 36, s = 9 or 15, 

- a = 45, s = 12 or 18, 

- M = 54, s = 15 or 21, 

- M = 72, s = 21 or 27, 

- M = 90, s = 27 or 33. 

Direct computations which are left to the reader show that we have 


supn>i 


cos 


'2nn 
, u 


2snn 


- cos 


> 1.93 if M = 36 and s = 9, or if u = 45 and s = 12 or 18, 
or if u = 72 and s = 27, or if u = 90 and s = 27 or 33, 

> 1.91 or if u = 54 and s = 15, 

> 1.87 or if u = 72 and s = 24, 

> 1.85 or if M = 36 and s = 15, 

> 1.83 or if u = 54 and s = 21. 


This concludes the proof of the lemma. □ 

Lemma 3.11. Let u, s be positive integers satisfying || < s < ^, with s>2, so that 
u > 4. We have 


supn>\ 


cos 


2nn\ 


u 


- cos 


2snn\ 


u j 


= 1.5 ifu = 6 and s = 3, 
>1.5 otherwise 


Proof: If s > 4, it follows from lemma 3.2(ii) that we have 


SliPfi>\ 


cos 


2nn\ 
u j 


cos 


2sn7T\ 


u 


> 1.57. 


So we only have to consider the cases s = 3, u = 6 or 7, and s = 2, u = 4. 
A direct computation then shows that we have 


supn^i 


cos 


'2nn 
, u 


- cos 


'2snn 


u 


= 2 if u = 4 and s = 2, 

= 1.5 if M = 6 and s = 3, 

= cos (^) + cos (y) = 1.5245 if u = 7 and s = 3. 


□ 

We consider again the numbers d{u) and a{u) introduced in definition 3.6. 

It follows from lemma 3.8, lemma 3.9, lemma 3.10 and lemma 3.11 that we 
have the following results. 

Lemma3.12. Wehave 0(5) = 0(10) = cos(|)+cos(^),0(8) = 0(16) = \/2,0(ll) = 
0(22) = cos (fy) + cos (^), and d{u) >1.5 for u > 4,u ^ 5,u ^ 8,u ^ 10, u ^ 
11, u ^ 16, u 7 ^ 22. 
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Lemma 3.13. Wehaveu{u) = 1.5 ifue {1,2,3,4,5,6,8,10}, a(u) > 1.5 otherwise. 

Hence if u is divisible by 3, we bave a [|) = 1.5 if w e (3,6,9,12,15,18,24,30}, 
a{u) > 1.5 otherwise. We then deduce from coroUary 3.6 a complete description 
of tbe set L2(1.5) = (a e [0, n] | k{a] < 1.5}. 


Theorem3.14. Leta£[0,n]. 

- If a e {|, ^, , then k[a) = cos (|) + cos (^) = 1,1180. 

- f^enfc{a) = \/2 = 1,4142. 

- If a e in- if’ if - if’ if - ff ’ ff ’ if’ (if) 

1,4961. 


Ifae {O, 


TT TT TT ^ ^ iZE ^ ZZE 8;r ] . I [ 

6 / 3 ’_2 ' 3 ' 6, i ^ 1. 9 ', 9 ' 9 ' 9 ' 9 ' 9 J ^ I' 

then k{a) = 1.5. 

- For all other values of a, we have 1.5 < k[a) < 


. ,iji_ ^ ^ Tjz Stz IIti \?,n ]Ai£\ 
^ 115’ 15 ’ 15 ’ 15 ’ 15 ’ 15 ’ 15 ’ 15 1 


71 5n 7n} 
12 ’ 12 ’ 12 1 

= 1.5396. 


Corollary 3.15. Let G be an abelian group, and let [C{g])gEG ^ G-cosine fa¬ 
mily in a unitalBanach algebra A such that supg^cWCig] - cig] || < for some 
bounded scalar G-cosine family idg)) g^G- ThenGig) = c{g) for every g e G. 


Proof: Let g e G. Since tbe scalar cosine sequence icing))nez is bounded, a 
standard argument shows that there exists aig) e [R such that c{ng) = cosinaig))lA 
for neZ. Since fc{a(g)) > ■^, it follows from corollary 2.4 that C(ng) = cosinaig))lA 
cing) for neZ, and Gig) = cig). □ 
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